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o Gravitional evidence for dark
matter on many scales

- Estimated to make up ~27% of
the universe

» Microscopic nature completely
unknown

« How do we search for it?
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Generalised hydrogen interactions

- Hydrogen is one of the best studied
QM systems

» Hydrogen is a very clean laboratory

- Sensitive to new physics!
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Generalised hydrogen interactions

e Where is the dark matter?

» These transitions scale strongly with Z:

FN210

» Sensitivity to metallicity in astrophysical processes
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 Fermi’s golden rule:

dl' = QW\Mﬁ-\Qé (Z /93 = ZEf) dp
2 f
e In general:

My = (] [ % Hanli)

Hint = Hiﬂt(wm A,ua ¢: S0 s )
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« Why the relativistic hydrogen atom?

 Because it’s easier...lets us use the language of QFT:

A,u@;e?”u@be %

« More precise results at large 7/
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« Why (not) the relativistic hydrogen atom?

» Four components — much more computation

» Classical labelling (E1, M1, ...) obscured
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The relativistic hydrogen atom

 The Dirac equation:

Z
(W@u — O:,,EM u) U=0

 Spherical symmetry:

U Y;.,(0,0)
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e The solution:
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 Spinor spherical harmonics:
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e The solution:

o Parity:

w=1[+1

» Ensures that this is a parity eigenstate
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The relativistic hydrogen atom

e The solution:

U ~ fn:jal (T)Qj,l,m(ea Qb) )
gnajal(?n)ﬂj,w,m(gg Qb)

 Radial wavefunctions:

—Cr

fag X 1F1(G, b: C?")e



Transition rates

e The Hamiltonian:

Hint = Z (&J%}%) O

L



Transition rates

e The Hamiltonian:

Hint = Z (&J%}%) O

L

o In general:

TP e {1,7°, 94, 749°, o}



Transition rates

e The Hamiltonian:

Hint = Z (&J%}%) O

L

. For QED:



Transition rates

e The Hamiltonian:

Hint = Z (&J%}%) O

L

. For QED:

F{H} ,.},



Transition rates

e The Hamiltonian:

Hint = Z (&J%}%) O

L

. For QED:

F{H} "}f 0{“}1[1 — GAM



Transition rates

e The Hamiltonian:

Hint = Z (&J%}%) O

L

. For QED:

Lt e {30 o)



Transition rates

e The Hamiltonian:

Hint = Z (&J%}%) O

L

. For QED:
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« The amplitude:

Mipi = (1] [ % Hanli)

o Factorise:

<f‘queréﬂ}we‘@> — Y;{fFE“}L{@
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Transition rates

« The amplitude:

— () / B His )

. In QED:

(Ovu) = e(7|Au]0) =
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« The amplitude:

Myi== ) (Oguy1) / d*x UMY,
L
« Seems innocuous, but squaring;:

Mpi|? Z(O{p},[)<O{V},L’>*A%:I};;{V}
L L



Transition rates

« A huge mess!



Transition rates

« A huge mess!

 Up to 16 Lorentz indices per Lorentz structure



Transition rates

« A huge mess!
 Up to 16 Lorentz indices per Lorentz structure

» Potentially many Lorentz structures



Transition rates

« A huge mess!
 Up to 16 Lorentz indices per Lorentz structure
» Potentially many Lorentz structures

o Interference terms...
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» A huge mess!

» Each inte%ral is non-trivial, both analytically and
numerically

- What it we want to sum over polarisations?

e Are we doomed?
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» Automated tool for the computation of amplitudes

« We have a Hamiltonian, and a set of quantum numbers

« Want to efficiently turn this into an amplitude
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 The squared amplitude:

T
Mgl =Y (Opy.{Opy AL D
L.L

o« The atomic tensor:

Al ( f deafFE“}ui) ()
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» Nasty looking integral:
/d?’a: Z:(fl“%}b(@- ~ Ta X T,

- Angular integrals give us all of the selection rules:

f Q;l mﬂjfalfam! sin ¢ dqb 0 = 6.]'1]'!6[11!57”1?’?’1!
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CINCO: Selection rules

« Whatis k?

» Related to projection of spin onto orbital angular
momentum

o A trick! Reduces two quantum numbers to one
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- First piece of the puzzle!

Qj,l,m — Qﬁ:,m
» Second piece, the spherical basis:

O-m’ O-y H O-_I_’ g_
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» Why are we doing all of this?

» Recurrence relations in spherical basis [1]:

O-:I:z ZCQHW

« Recovers orthogonality!

[1] R. Szmytkowski, ].Math.Chem. 42, (2007) 397-413
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CINCO: Radial integrals

o Products of radial wavefunctions:

L. ~ / Tzfn’,fi’(?")gnﬁ(?") dr
0

 These are super ugly, can technically be done
analytically

 No real benefit to doing so
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CINCO: Radial integrals

e Solution? Do it numerically!

o But there’s an issue:
f,g o< 1Fi(a,b,cr)e "

lim Fy(a,b,cr) — o lim e =0
r—00 r—0C

» Arbitrary floating point precision!
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CINCO: Radial integrals

» Four integrals:
Iyp~2° ZigiTos ~ 2 Tyg~ Z°

» Contribute to relativistic scaling
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_ _ Polarisation
| _ f Selection .- sum?
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/ rules l

Physics Construct Square & Squared
— B ——

checks ampltude simplify amplitude

© Quantum Radial
numbers integrals

 Done! Takes around 20 seconds per amplitude
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» The amplitude:
(M ilP)mm = 5 ((Ov) - (Ov)*) T2,

 The radial integral and transition energy:

T,r = —0.0017654,  AE; =10.199¢V
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» The amplitude:

(M) = 5 ((Ov) - (Ov)*) T2,

» From before (not done by CINCO):

(OV,U> (7“4.&‘0)
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» The amplitude:

<‘Mf% 2> OF., (€n )ij
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CINCO: Examples

 Fermi’s golden rule, phase space integral:

I'2s, 515, ,, = 6.2650 - 1081
« From NIST:

F283/2—>181/2 — 6.2647 - 10357}

. Agrees to within 0.005%!
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o Dark vector boson:

Hint ~ Xp@ze’}"u(l - 75)¢8

e Many more terms to compute

 No longer feasible by hand
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« The amplitude:
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CINCO: Examples

» The amplitude:

— — 2 1'2
<|Mﬁ|2>m=m’ - (<OA> | <OA>*) (IJ%J“ — 5Lssdeg + ﬁ)
+ KO (2T3, — AT 5, 5 + 2T2;)

2 2
+ Im (<0A,0><0A,:c>*) (QIffIQf — 2255 lyg + ngQIgg - §Igffgg)

» Ugly? Yes, but we got there in seconds

« Only need to evaluate (O 4)
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 Fermi’s golden rule, phase space integral
F181/2—>281/2 = 10 92 8_1

 Very quickly understand feasibility



 Generalised hydrogen interactions

- The relativistic hydrogen atom
- Transition rates

- CINCO

« What's next? <——



What's next?




What's next?

o Precision:



What's next?

o Precision:

 Applications:



What's next?

» Precision:
- Beyond the dipole approximation

 Applications:



What's next?

o Precision:

- Beyond the dipole approximation
- Hypertine transitions

 Applications:



What's next?

o Precision:

- Beyond the dipole approximation
- Hypertine transitions
- Long range forces?

 Applications:



What's next?

o Precision:

- Beyond the dipole approximation
- Hypertine transitions
- Long range forces?

 Applications:
— Dark matter searches



What's next?

o Precision:

- Beyond the dipole approximation
- Hypertine transitions
- Long range forces?

 Applications:
- Dark matter searches
- Astrophysics



What's next?

» Precision:
- Beyond the dipole approximation
- Hypertine transitions
- Long range forces?

 Applications:
- Dark matter searches
- Astrophysics
- Black hole superradiance?
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« Evidence for dark matter at all scales, little idea as to its
fundamental nature

« Hydrogen an incredibly precise tool
 Generalised hydrogen transitions could search for DM

« CINCO provides a quick and precise way of computing
amplitudes



Thank you!
Questions?
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